We investigate the relationship between the cardinality of the union of the neighborhoods of an arbitrary pair of nonadjacent vertices and various hamiltonian type properties in graphs. In particular, we show that if G is 2-connected, of order p 2 3 and if for every pair of nonadjacent vertices x and y: The study of graphs has given rise to many results relating the sum of the degrees of pairs of nonadjacent vertices to various hamiltonian proper-2 FAUDREE ETAL.
ties (for example, see [2, 51) . The results obtained along these lines usually apply only to graphs with high edge density. Often the degree sums are large in order to guarantee that the vertex pair dominates a sufficient number of vertices. In this paper we wish to loosen these restrictions somewhat. We consider the effect of lower bounds on the cardinality of the union of the neighborhoods of pairs of nonadjacent vertices on various hamiltonian properties. Since this cardinality lies between 0 and 1 V(G) -2 1 and the graph I$-i u K1 is disconnected, large cardinality will not force any connectivity conditions. Thus, we shall always assume some minimum connectivity condition in addition to our neighborhood union condition.
For a vertex u, the neighborhood of v is N(u) = (X 1 x E V(G) and xv E E(G)}. If x E N(v) we say x is adjacent to u or u dominates x. A graph is hamiltonian (traceable) if it contains a cycle (path) through all its vertices. Such a cycle (path) is called a hamiltonian cycle. A graph is hamiltonianconnected if each pair of vertices are the endvertices of a hamiltonian path. For simplicity we sometimes list a set S of vertices in a path or cycle as . ..) v, s, u, . . . but only when the order of the traversal of the vertices in S is clear. For U c V(G) we denote the graph induced by U as ( U). For terms not found in this paper see [ 11. MAIN 
RESULTS
The development of the theory of hamiltonian graphs has seen a series of results based on controlling the degrees of the vertices of G. The inspiration for this development was the classical result of Ore [S] .
THEOREM A (Ore [ 51). Let G be a graph of order p, p 2 3. If for each pair of nonadjacent vertices u and v,
This particular result was generalized by several others (see [ 1 ] for an outline of this development). The strongest known result of this type is the Closure Theorem of Bondy and Chvatal [2] . Here a new graph called the k-closure is formed from G by recursively joining pairs of nonadjacent vertices whose degree sum is at least k (for some fixed integer k). Their main result for hamiltonian graphs can be stated as: THEOREM B (Bondy and Chvatal [2] ).
A graph G of order p is hamiltonian if and only if its p-closure is hamiltonian.
We now wish to change the point of view somewhat. That is, we wish to determine the effective number of vertices that a nonadjacent pair must dominate in order for a particular property to be obtained. This number differs from the degree sum value since duplicate domination is ignored. It will further be shown that the results obtained here are distinct from the degree sum results for the same property.
We begin with a result on traceability. Proof. Suppose the result is not true and among all nontraceable graphs of order p which satisfy the hypothesis, let G be one with the maximum number of edges. Thus G is not traceable, but G + uv is traceable for every pair of nonadjacent vertices u and v. Then, in G, there exist two disjoint paths P, and P, that together span V(G). If (V(P,)) and ( V(P,) ) are both hamiltonian, then since G is connected, G is clearly traceable. Hence, P, and P2 cannot both induce hamiltonian cycles. We now recognize two cases. Case 1. Assume that both ( V(P1)) and (V(P,)) are not hamiltonian. Let P,: x1, x2, . . . . xk (kbl) and P,: y,, y2, . . . . yi (where j>l and j+ k =p > 3). Note that xi (and x,) is not adjacent to y, or yj or G would be traceable. Also note that for every vertex X, E V( P1) (2 6 r < k -1) adjacent to x1, the vertex x,-1 $ N( yj) (and N( yl)) for otherwise G would contain the hamiltonian path Yl , "', yj, X,-l, ***, Xl, x,, ***, x/cSince ( V(P,)) is not hamiltonian, x,-1 # N(x~). A similar argument shows that for every yr E V(P,) n N( yl) (2 < r <j-l), y,-1 is not adjacent to any of yi, xl, or xk. Now suppose that y, is adjacent to x, on P, (2 < s < k -1). Then x,-1 4 N(xR) or G would contain the hamiltonian path Yj, "-9 Y19 X,9 V--Y Xk, X,-1, . . . . X1. Also note that x,-1 4 N( yj) or G would contain the hamiltonian path Likewise y, E V( P2) n iV( xl ) (2 Z$ s < k -1) implies y, _ 1 4 N( x,) u N( yj). FAUDREE ET AL.
Now define a bijection f: V(G) -{x1, vl> + V(G) -(xk, V,} by f(x,) = x,-1, f( ys) = ys-1. Then we have shown that f(N(x,) u N(y,)) is disjoint from N(x~) u N( uj). Also, neither of these two sets contain xk or yj. Thus, the sets f (N(x,) uN(y,)) , N(x~) uN(yj), and {x,, U,> are mutually disjoint, which is a contradiction because the first two both have at least (p -1)/2 elements. Case 2. Assume ( V(P,) ) is hamiltonian for some i, and without loss of generality assume i = 2. Let C: yl, y2, . . . . y,, y1 (t > 3) be a hamiltonian cycle in ( V(P,) ) and, as in Case 1, P1 : x 1, x2, . . . . xk . Clearly xl and xk are not adjacent to any vertices of C or G would be traceable. Since G is 2-connected this implies k 2 4. From all vertices of C adjacent to some vertex of P,, choose yl with an adjacent vertex closest to x1 along P, (relabel C if necessary). Let this closest adjacent vertex be x,.
Since IN(x, ) u N(x~)[ > (p -1)/2 and all of the neighbors of x1 and xk are on P,, we see that 3 < 1 V(C)1 < (p -3)/2. Let M be the set of those vertices of C with either no neighbors on P,, or only x, as a neighbor on P,. Note that if yr, ys E M are nonadjacent, then
which is a contradiction. Therefore, every two vertices in M are adjacent. We will show that M contains all vertices of C and hence that x, is a cutvertex, contradicting the 2-connectivity of G.
Suppose V(C) -{y, } -A4 # @ and let y, be a vertex of this set closest to yl along C (in either direction). Without loss of generality, assume s < t/2 + 1. Observe that there exists a hamiltonian path in ( V(C)) with endvertices y1 and y,. This is clear if s = 2 or s = t and when t # s # 2, then Yl, y,, "*, Ys-1, Yr9 Yt-19 "'9 ys is such a path. Let P denote this path. Since y, 4 M, y, is adjacent to some vertex xd (m < d< k) on P1. Choose the minimum possible d, so that y, has no neighbors xi, i < d. In fact m + 1 < d, otherwise xl, x2, . . . . xm, P, x, + 1, . . . . xk is a hamiltonian path in G. Also, xd-I and xk are nonadjacent, or otherwise Xl, x2, mm*, X& 1, Xk, Xk-1, .", Xd, P would be a hamiltonian path in G. Suppose X,E V(P,) n N(x,). Clearly x,-1 is not adjacent to xk, otherwise (V(P,)) is hamiltonian. Also x,-1 is not adjacent to xd-1, otherwise it can be shown (by examining individually the cases Y d m, m+ 1 <r<d-1, r=d+ 1, and d+2,<r) that P can be extended to a hamiltonian path for G. Also, if x, E V( P, ) n N( yl) (considering separately when r < d -1 and when d < Y) we obtain that x,-1 is not adjacent to either xd-1 or xk.
Next let y, be adjacent to y,. Then yI+ 1 is not adjacent to xd-1. When 1= s-1 this follows from the minimality of d. If I # s -1 and y,, 1 E N(x,-1), then by considering separately the three cases 2 6 I< s -2, s < l< t -1, and 1= t, it can be shown that G has a hamiltonian path. Now define a bijection g : V(G) -{x1, uj} + V(G) -(vl, xk} by g(x,) = X r-19 g(y,)=y,+,.
Let A=N(x,)uN(y,) and B=N(x,)uN(x,-,). It has been shown above that for all z E A, g(z) 4 B. Also, xk @g(A) u B. We know that y1 $N(x~), and if y1 E N(x,-1) then xi, . . . . xdP1, P, xd, . . . . xk is a hamiltonian path; thus y1 4 B and hence y, #g(A) u B. Therefore g(A), B, and (x,, y1 > are mutually disjoint, which is a contradiction because the first two of these have cardinality at least (p -1)/2. Thus V(C) -{vl } c M.
Since G is 2-connected, y1 is adjacent to some xd, d > m, and there is some y,, 1 # 1, adjacent to x,. But now the above argument can be repeated with yI replacing y1 and y1 replacing y,, to again obtain a contradiction.
Therefore G is traceable. (b) To see that the neighborhood condition is sharp one need only consider the complete bipartite graphs K(n, n -2) (n 2 4). Here IN(x) u N( y)I 2 n -2 while the order is p = 2n -2. Since n 2 4 these graphs are 2-connected, but not traceable.
(c) Now consider the graph G = 3K,, + K,, that is, 3 copies of K,, joined to the two vertices of a K,. This graph is clearly 2-connected and the degree sum of any pair of nonadjacent vertices is 2n + 2 while the order of G is 3n + 2. Thus neither Ore's Theorem [ 5) nor the (p -1 )-closure of Bondy and Chvatal [2] apply to G. However, Theorem 1 can be used to determine that G is traceable.
Next we determine a neighborhood condition graph is hamiltonian. Proof. Since G is 2-connected it contains cycles, so let C: x1, x2, . . . . x,, x1 be a cycle of maximum length in G. If C spans G we are done, so assume there exist vertices in G not on C. Let x be a vertex not on C but adjacent to vertices on C. Without loss of generality assume x is adjacent to x1 E V(C).
Since G is 2-connected, there exists at least one other path (besides the edge xx,) from x to C that is vertex disjoint from C (except at the endpoint). Over all such paths from x to C, let xi be the endvertex of such a path with largest subscript on C. Note that i # n or a cycle longer than C would be immediate. In particular then, x is not adjacent to Xi+ i and hence IN(x) u N(xi+ i)l 2 (2p -1)/3. Since this path from x to C may be a single edge, in listing the cycles that follow we will indicate it simply as x, xi, that is as if it were an edge.
We first show the number of nonadjacencies of x2 is at least 1 N(x) u N(Xi + i )I by considering the distinct neighbors of x and of Xi + i.
Let y E N(x) -V(C). In this case y 4 N(xZ) or a cycle longer than C lies in G. Similarly, if z E N(xi+ i) -V(C), then z is not adjacent to x2.
Next let xd E V(C) n N(x). By our choice of i, 1 < d< i. Note that d#i-1.
For d<i-l,x,+,#N(x,) for otherwise The order of G is p = 3n + 2 and for nonadjacent x and y, IN(x) u N(y)1 = 2n. However, (2p-1)/3 = 2n + 1 > 2n. To date, this is the best known example.
(b) Let H be the graph obtained by taking three copies of K,, (n > 3) and joining corresponding vertices in each copy by an edge. Thus each vertex has degree n + 1 so the degree sum of nonadjacent vertices is 2n + 2 < 3n when n > 3. Thus, the Bondy and Chvatal closure process adds no additional edges to this graph and hence no information is gained.
However, IN(x) u N(y)1 = 2n = 21 V(G)l/3 and thus Theorem 2 states that H is hamiltonian. and so by Theorem 2, H is hamiltonian. Then clearly G is traceable.
We now turn our attention to a "highly hamilton" property, that of being hamiltonian-connected.
For this the graphs need to be 3-connected to apply the usual neighborhood condition in a meaningful way, as demonstrated by the 2-connected graph 2K,, + K2 (n large). Certainly any of the hamiltonian type properties can be studied for collections of more than two vertices. A wide range of highly hamiltonian properties can also be investigated. As in [2] , other properties may be studied. In [4] the authors examine edge independence, path and cycle length, and chromatic number among others.
